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The properties of an ideal Fermi gas in an external potential in any dimensional space are studied, based on
the semiclassical~Thomas-Fermi! approximation. The general analytical expressions of the total particle num-
berN, density of statesD(«), Fermi energyEF , total energyE, and heat capacityC have been derived, where
N, E, andC are expressed by the Fermi integration. Moreover, the analytical expressions of the total energy
E, chemical potentialm, and heat capacityC in the high- and low-temperature approximations are given. From
these results, how the characteristics of the Fermi gas depend on an external potential and the dimension of
space is discussed.@S1050-2947~98!02508-6#









































The constrained role of the external potential for atom
gases may change the performance of gases. In recent y
owing to the development of techniques to trap and c
atoms, Bose-Einstein condensation~BEC! of the Bose gas,
which was predicted by Einstein more than 70 years a
was ultimately realized in 1995@1–3#. This has caused a
sensation throughout the physics community. It can be s
that the external potential creates favorable conditions
controlling degenerate atomic gases and quantitatively in
tigating their performance. Unlike the Bose gas, the id
Fermi gas does not undergo a phase transition under
constrained conditions of external potentials and very l
temperatures. However, as one of the two types of quan
systems in the natural world, the Fermi gas will show so
unique quantum characteristics at very low temperatures
under suitable conditions the fermions may form Fermi pa
and becomes a Bose system. Therefore, it is importan
investigate the characteristics of the Fermi gas in exte
potentials. Although the properties of the ideal Fermi gas
understood to some extent@4#, the properties of the Ferm
system in external potentials have rarely been studied.
In the present paper the method of statistical mechanic
used to investigate the thermodynamic properties of
n-dimensional ideal Fermi gas with the energy spectrum«
5aps1brt, wherea, b, s, andt are positive constants an
p and r are the momentum and coordinate of particles,
spectively. The analytic expressions of a series of phys
quantities, such as the total energy, Fermi energy, energ
the ground state, chemical potential, and heat capacity,
derived and used to discuss the relevant characteristics o
system.
II. TOTAL NUMBER OF PARTICLES AND TOTAL
ENERGY OF THE SYSTEM
At very low temperatures, the interaction between p

























s-wave scattering amplitude vanishes due to the antisym
try of the wave function of the fermions. The next-leadin
order,p-wave scattering is very small. Therefore, the Fer
gas at low temperatures is taken approximately as an i
gas.
When the particle number in the system is larger and
potential energy of particles in a trap is much smaller th
the kinetic energy of particles~this condition is often satis-
fied; for example, in the experiment@1# of Andersonet al. in
1995 considering BEC, when the frequency of the harmo
potentialv52p3200/s is adopted and the temperature a
proaches a condensate temperatureTc'170 nK, one still has
\v/kT'5.631023!1!, the Thomas-Fermi’s semiclassic
approximation is valid@5#. Thus sums over quantum state
may be replaced by integrals over phase space. The





















wherek andh are, respectively, the Boltzmann and the Pla
constants,g is the spin degenerate factor,m is the chemical








we find that Eqs.~1! and ~2! may be expressed as
N5
gCn
2GS ns 11DGS nt 11D
hnan/sbn/t
~kT!l f l~z! ~4!










































is the Gamma function.
III. FERMI ENERGY, ENERGY OF THE GROUND
STATE, AND CHEMICAL POTENTIAL
The Fermi integrationf l(z) mirrors the characteristics o
the Fermi systems. At high temperatures,z is very small, so








At low temperatures, the Fermi integration may also be w
ten as a quickly convergent series, by using the Sommer
lemma@4#
f l~z!5
~ ln z! l










1¯ G . ~9!
WhenT50 K, there is only the first term in Eq.~9!. Sub-
stituting it into Eq.~4! gives
N5
gCn




Consequently, the Fermi energyEF may be expressed as
EF5F Nhnan/sbn/tG~l11!gCn2GS ns 11DGS nt 11D G
1/l
. ~11!
Substituting Eq.~9! into Eq. ~5!, we find that whenT






WhenT.0 K and, however, the temperature is very low, t
chemical potential in the limit of low temperatures-
ld
is
m5EFF12~l21! p26 S kTEFD
2G ~13!
can be derived from Eq.~9!.
At high temperatures,z is very small. One may choos
only the first term in Eq.~8!. Substituting the term into Eq
~4! yields the chemical potential in the limit of high temper
tures as
m5kT lnF Nhnan/sbn/tgCn2GS ns 11DGS nt 11D ~kT!lG . ~14!
IV. HEAT CAPACITY OF THE SYSTEM
Under the condition that an external potential is kept co
stant, the derivative of Eq.~5! with respect toT gives the
heat capacity of the system as
C5NklF ~l11! f l11~z!f l~z! 2l f l~z!f l21~z!G . ~15!
Using Eqs.~9! and ~8!, one finds that the heat capacities










It is necessary to point out that the heat capacities
tained here are ones with external potentials being kept c
stant rather than the heat capacities at constant volum
pressure. It is seen from Eq.~16! that at low temperatures,C
tends to 0 asT→0. It conforms to the third law of thermo
dynamics. The heat capacity at high temperatures expre
by Eq. ~17! is just the classical limit of the heat capacity.
V. DISCUSSION
Although only the characteristics of the Fermi gas in
external potentialU5brt have been discussed, it is interes
ing to note that the characteristics of the free Fermi gas c
fined in a container may be derived from the above resu
As long asb5b0(1/r 0)
t is chosen, whent→`, U→` and
U→0 in the regionsr .r 0 and r ,r 0 , respectively. This is
just the condition that the free Fermi gas confined in a c
tainer with a radiusr 0 should satisfy. Using that condition
and Eqs.~4!,~5!, and ~11!–~17!, we can obtain the thermo
dynamic properties of the free Fermi gas. For example,
total number of particlesN, total energyE, Fermi energy







PRA 58 1447THERMODYNAMIC PROPERTIES OF AN IDEAL FERMI . . .TABLE I. Contrast between free and harmonic-potential-trapped nonrelativistic Fermi gases in
dimensional space.
Physical quantity Free gas Trapped gas


































m at low temperatures EFF12 p212S kTEFD
2G EFF12 p23 S kTEFD
2G















































the chemical potentialm and the heat capacityC at low
temperatures are given, respectively, by












and the chemical potentialm and the heat capacityC in the
classical limit of high temperatures are given, respective
by





For the case of nonrelativistic free-electron gases in th
dimensional space,n53, a5 1/2m, s52, and g52, Eqs.
~18!–~25! may be simplified as the results given usually,
e-
the current textbooks, as shown in Table I. Whenn is chosen
to be equal to 2 or 1, the relevant characteristics of nonr
tivistic free Fermi gases in low-dimensional space may
derived from Eqs.~18!–~25!.
Let n53, a5 1/2m, s52, b5 mv2/2, t52, and g52.
Then the characteristics of nonrelativistic ideal Fermi ga
in harmonic potentials may be obtained from Eqs.~4!,~5!,
and ~11!–~17!. These results have been listed in Table
Some authors@6# investigated the characteristics of a no
spinning Fermi gas in three-dimensional harmonic traps
gave the chemical potentials and the heat capacities of
system










in the limit of high temperatures. Obviously, Eqs.~26!–~29!
conform to our corresponding results. This shows that
results derived in the present paper are very general and
include some important conclusions obtained in literature
It is seen from Table I that the Fermi energies of the fr
Fermi gas and the Fermi gas in a harmonic trap are diffe




















































1448 PRA 58LI, YAN, CHEN, CHEN, AND CHENthe particle number and the particle mass, while the latte
determined by the total number of particles and the harmo
potential frequency. However, if the characteristic length




is introduced, the Fermi energyEF of the Fermi gas in a
three-dimensional harmonic potential will be determined
the characteristic number density of particlesN/VF and the







3 is the characteristic volume of the Ferm
cloud.
It is also seen from Table I that for the same values
kT/EF , the heat capacity of the Fermi gas in an exter
potential is larger than that of the free Fermi gas whethe
high or low temperatures andCtrapped/Cf ree52, as shown in
Fig. 1. This is quite natural. In order to raise the temperat
of the Fermi gas in a potential trap and with the sa
kT/EF , the kinetic energy and the potential energy of p
ticles in a trap increase necessarily so that it is requisite
supply more energy.
It is seen from Fig. 1 that unlike the Bose gas, which h
a phase transition point and whose heat capacity over
phase transition point decreases monotonically as the
perature increases, the heat capacity of the Fermi gas
creases monotonically as the temperature increases.
main cause is that the fermions must be constrained by
Pauli exclusion principle, while the Bose system is not co
strained by this principle. The existence of external pot
tials does not change such a basic attributes of the Fermi
the Bose systems.
Figure 2 shows the behavior of the chemical potentials
the free Fermi gas and the Fermi gas in a harmonic
FIG. 1. Heat capacity versus temperature for a nonrelativi






















versus the temperature. It is seen from Fig. 2 that the che
cal potential of the Fermi gas decreases monotonically as
temperature increases and the chemical potential of
Fermi gas in a harmonic trap decreases more quickly t
that of the free Fermi gas. For the samekT/EF , more energy
is needed to excite the fermions in a potential trap so that
reductive range of chemical potential of the fermions b
comes larger.
The results obtained here may also be used to discuss
properties of other types of Fermi gas and Fermi gas in o
potential traps besides the nonrelativistic free Fermi gas
the nonrelativistic Fermi gas in harmonic potential trap
This aim can be attained as long as different values of
parametersn, a, s, b, andt are chosen. It is of significanc
to note that the results obtained in the present paper may
be used to derive some important and general conclusi
For example, it can be obtained from Eq.~12! that the ratio
of the energy of the ground state to the Fermi energy of
Fermi gas depends on the dimensionality of space, cha
teristics of particles, and shapes of external potentials.















From Eqs.~32! and~33! we can deduce that for the sameN
andn, theE0 /EF of the Fermi gas in harmonic potentials
always larger than that of the free Fermi gas. This is beca
external potentials exist.
The chemical potentials and the heat capacities share
same characteristics. For example, we can deduce a ge
and important conclusion from Eq.~16!: No matter how the
values of the parameterss, t, a, andb are chosen, the hea
capacity of the Fermi gas in the limit of low temperatures
directly proportional to the temperature and the proportio
coefficient depends on the dimensionality of space, cha
teristics of particles, and shapes of external potentials. T
shows that the existence of external potentials does
ic
FIG. 2. Chemical potential versus temperature for a nonrela









PRA 58 1449THERMODYNAMIC PROPERTIES OF AN IDEAL FERMI . . .change the basic attributes of the Fermi system, which m
be constrained by the Pauli principle. It is possible to con
the Fermi energy of materials by setting up some parame
in Eq. ~11!. It is important because the Fermi energy is
important parameter that determines the property of ma
als.
If one choosesaps5cp, wherec is the light speed, the








istic Fermi system. We plan to investigate this case se
rately.
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